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Summary
The aim of this thesis is to characterize electrically-small spheres with radial
anisotropy and stratied structure for either minimizing or maximizing scatter-
ing by plane waves based on the extended Mie scattering model. This theory is
applicable to the case of single-layer spheres as well. The original contributions
of the thesis are twofold. First, for the case of a single-layer sphere with radial
anisotropy, a transparency condition comprising of radial and tangential permit-
tivity is analytically established. As such, particles with carefully engineered radial
anisotropy are transparent without using any coating and are ideal for applications
with space constraint and stringent transparency criteria. Second, for the case of a
coated sphere with radial anisotropy, a resonance condition is analytically derived.
The derived condition provides a guideline for choosing material and structural pa-
rameters in the design of plasmon-resonant particles at given frequencies of interest
for applications in sensing. For both cases, the eective permittivity of the scat-
terers of interest is derived in comparison with pertinent expressions of scattering
coecients for isotropic spheres. Physical insights are also provided. In addition,
full-wave numerical analysis is presented to validate the proposed conditions.
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In this thesis the interaction between plane electromagnetic (EM) waves and strat-
ied radially uniaxial anisotropic spheres is analytically studied based on the
Mie theory. In particular, minimizing and maximizing scattering are considered,
i.e., transparency and resonance. Special attention is paid to the role of radial
anisotropy in controlling the scattering intensity. This introductory chapter covers
the background and the structure of the thesis.
1.1 Background
Scattering takes place when propagating waves or particles encounter obstacles
along their paths. Electromagnetic scattering, being one of the most commonly
encountered forms of scattering, can be broadly divided into two types, namely,
elastic and inelastic scattering. Elastic scattering includes Mie scattering [2] and
Rayleigh scattering [3] where the kinetic energy of the incident wave is conserved
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in the absence of dissipation. On the other hand, inelastic scattering is com-
mon in molecular collisions where the kinetic energy of the incident particles is
not conserved and a frequency shift takes place. Examples of inelastic scatter-
ing include Brillioun scattering, Raman scattering, inelastic X-ray scattering and
Compton scattering. In this work, we are concerned with elastic scattering, to be
more specic, Mie scattering extended to the complex media, i.e., radially uniaxial
anisotropic media.
The Mie scattering model is an analytical tool for solving Maxwell's equa-
tions while dealing with electromagnetic scattering by spherical objects. In the
small-radii limit, Mie scattering is typically approximated by Rayleigh scattering.
Although in this work we are mainly concerned with electrically small particles, the
full-wave Mie theory is adopted instead of the Rayleigh approximation. This is at-
tributed to the breakdown of the Rayleigh approximation in the case of anomalous
scattering, to be discussed in greater depth later on.
Spherical-shaped scatterers are chosen for two reasons. First, the boundary
condition is easy to deal with since the spherical surface is closed and of nite
extent. Furthermore, the sphere, being a canonical shape, has exact analytical
solutions given by the Mie theory. Analytical solutions are developed in this work
since they may reveal more physical insights into the problems compared with
numerical methods. For irregular or more complex shapes, one may resort to
numerical methods, such as nite dierence time domain method (FDTD), nite
element method (FEM), and method of moment (MoM), which are outside the
scope of this work.
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In general, materials can be described as being isotropic, anisotropic, bi-
isotropic, bianisotropic or idealized [4]. For isotropic media, the constitutive pa-
rameters are scalar. For anisotropic media, at least one of the constitutive pa-
rameters is in tensorial form, for instance, uniaxial, biaxial, gyroelectric and gyro-
magnetic media. For biisotropic and bianisotropic media, cross coupling between
electric and magnetic elds exists. One example of biisotropic media is chiral me-
dia [5]. Examples of idealized media are perfect electric conductors (PEC) and
perfect magnetic conductors (PMC). In this work, we are particularly interested
in radially uniaxial anisotropic media dened in the spherical coordinates. Such
media are also termed media with radial anisotropy where the permittivity and/or
permeability in the radial direction and that in the direction transverse to the ra-
dial direction have diering values. Media with radial anisotropy is chosen in this
study because they oer one more degree of freedom for exploration over isotropic
media and are the simplest type of anisotropic media in the context of the spherical
coordinate system.
Having provided some basic understanding on scattering and materials, we
are ready to embark on the transparency problems. To begin with, we present the
myriad of existing techniques for scattering reduction and introduce the rationale
of this work.
In the past, stealth technology is employed to minimize scattering and hide
aircrafts from radar detection with the employment of radar absorbing paint, non-
metallic air frame and modied vehicle shape. In recent years, amidst the intense
interest in metamaterials, the possibility of devising an ideal cloak is conceived.
Chapter 1. Introduction 4
An ideal cloak should be macroscopic and not limited to sub-wavelength sizes or
near eld regions, be independent of the object to be cloaked, have minimized ab-
sorption and scattering, be passive and broadband [6]. Several design mechanisms
have been proposed towards this end, namely, coordinate transformation [7{9],
dipolar scattering cancellation [10], anomalous localized resonance [11], hard and
soft surfaces [12], tunneling light transmissions [13], active sources [14], and invis-
ible sh-scale structure [15]. In this section, we highlight two of the techniques,
namely, coordinate transformation and scattering cancellation technique.
The advantages and drawbacks of the transformation cloak are illustrated as
follows. Theoretically speaking, the transformation cloak is closest to the criteria of
an ideal cloak. The basic idea is to control the path of electromagnetic waves by the
careful engineering of permittivity and permeability distributions. However, with
regard to practical realization, the materials employed in the transformation cloak
are too complex. First, the transformation cloak possesses a detrimental shortcom-
ing, namely singularities of material properties at the inner boundary of the cylin-
drical cloak (" tends to innity). Simplications [16] and modications [17{19]
have been made to Pendry's recipe in order to make material properties more real-
istic. Furthermore, for both cylindrical and spherical transformation cloaks, zero
values of constitutive parameters are present at the inner boundary. A remedy can
be found in the design of epsilon-near-zero materials in [20]. Moreover, the ma-
terials employed in constructing the transformation cloak are radius-dependent.
To solve this problem, Huang et al. proposed a concentric layered structure of
alternating homogeneous isotropic materials for the cylindrical cloak [21]. Qiu et
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al. extended the concept to the spherical cloak [22]. For the cylindrical case, the
materials can be approximated as being non-magnetic. However, for the spherical
case, anisotropy in both permittivity and permeability has to be simultaneously
present. It can be concluded that the materials associated with construction of
the transformation cloak, especially for the spherical case, involve considerable
complexity.
We turn our attention to another invisibility technique, namely, scattering
cancellation, which was initially raised by Kerker [23]. This technique has been
demonstrated to work well for coated scatterers which are electrically small in size.
Small scatterers can be regarded as oscillating dipoles. With careful manipulation
of the structural and material parameters of the scatterer, the dipole moments
induced in the core and shell layers become oppositely directed and cancel each
other. As a result, the overall dipole moment becomes zero and no scattering is
observed. The scattering cancellation technique has been applied not only to the
coated spheres [10, 24] or cylinders [25] for transparency at a particular frequency
point, but also to multilayered spheres [26] and cylinders [27] for multi-frequency
transparency. This technique is based on the small-radii assumption that the radius
of the particle is much smaller than the incident wavelength. As the particle
size increases, not only the dipolar scattering but also higher order multipolar
scattering becomes prominent. This technique can thus be extended to attenuate
the dominant n-th order scattering mode and hence can signicantly reduce the
total scattering. As discussed, the scattering cancellation technique can be utilized
for the design of coated and multilayer structures for minimizing scattering.
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The scattering cancellation technique is adopted in this work for its ease of
implementation. In our case, we simplify the structure to a single-layer sphere
and add one more degree of freedom to the material parameters by making use of
the radially uniaxial anisotropic materials. We attempt to design a single sphere
which is transparent with the introduction of radial anisotropy. In addition, we
will examine the contributions of tangential and radial components of permittivity
to total scattering. We want to investigate if they can be decoupled and cancel
each other just like the cancellation of opposite dipole moments in core and shell
layers observed in the coated design [10].
So far, we have briey elaborated on our approach to scattering minimization.
In the following paragraphs, we will look into the topic of scattering enhancement.
As we mentioned earlier, scattering by electrically small particles is typically
represented by Rayleigh scattering which is a rst-order approximation of the Mie
theory. Rayleigh scattering is characterized by a scattering intensity inversely pro-
portional to the fourth power of the incident wavelength. It gives an explanation
to the blueness of the sky where the blue component, having a shorter wavelength
than the red one, is scattered the most. In Rayleigh scattering, the weak dipo-
lar scattering prevails over higher order scattering. However, Rayleigh scattering
fails to describe one particular case, namely, resonant scattering. With resonant
scattering, electrically small particles exhibit sharp giant extinction peaks with in-
verse hierarchy where the quadrupolar is higher than the dipolar peak. The huge
scattering intensity is usually only found for particles much greater in size. Fur-
thermore, complex near eld distributions are also observed. The mechanism of













Figure 1.1: Illustration of a metallic nanoparticle (a) with localized surface plas-
monic resonance (b) and (c) [1].
resonant scattering involves two simultaneous processes. First, surface plasmons
are excited when the incident frequency equals one of the surface modes. Second,
surface plasmons are transformed into scattered energy. In the absence of dissipa-
tion, the n-th order component of incident wave is totally converted into scattered
energy. In this work, we are particularly interested in scattering enhancement
associated with resonant scattering.
Surface plasmons are collective oscillations of electron gas which can be sup-
ported at the interface between two media whose real parts of dielectric functions
are of opposite signs. As illustrated in Fig. 1.1, when the frequency of incident
wave equals one of the surface mode of the metallic nanoparticle, the electrons are
shifted with respect to the ion lattice. The polarization charges on opposite surface
elements apply a restoring force on the electron gas. Consequently, collective oscil-
lations of the electron gas take place, leading to localized surface plasmon resonance
(LSPR). Negative dielectric functions can be found in conductors, such as metals,
below their plasma frequencies as described by the Drude model. Pertaining to
optical frequencies, commonly used metals for sustaining surface plasmons are gold
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and silver. The main application lies in sensing [28]. For instance, the resonance
peaks are highly sensitive to the permittivity of the surrounding medium. Once
the concentration of chemicals in the surrounding medium changes, the frequency
of LSPR also changes and can be detected.
Resonant scattering has been analytically studied for both single-layer [29] and
coated [30] spheres. Tribelsky et al. formulated the permittivity of a small particle
that can support LSPR and derived the theoretical dissipation limit to distinguish
anomalous scattering from Rayleigh scattering [29]. Alu and Engheta [30] derived
the resonance condition for coated isotropic spheres and investigated properties of
composite media embedded with such resonant inclusions. With emerging appli-
cations of anisotropic materials in optical devices, LSPR by metallic-anisotropic
two-layer spheres are investigated [31,32]. However, in earlier works, the structural
parameters and anisotropy are predened and the resonant frequency is located
by performing a frequency sweep. For some applications, the working frequency is
predened. Therefore, in our work, we attempt to design resonant structures at
given frequencies of interest. Material parameters can be derived from frequencies
via pertinent dielectric functions.
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1.2 Original contributions and structure of the
thesis
The original contributions of the thesis encompass two aspects: design of trans-
parent single-layer sphere and plasmon-resonant coated sphere, both with radial
anisotropy. The former is introduced in chapter 3 and the latter in chapter 4. In
chapter 2, preliminaries are given. The thesis is concluded in chapter 5.
In chapter 2, theoretical foundation is laid with reference to scattering by
generalized multilayer spheres with radial anisotropy. The analysis starts from
full-wave Mie theory. Fields in all regions are formulated in terms of transverse
magnetic and transverse electric Debye potentials. Furthermore, scattering and
transmission coecients in all regions are formulated based on Cramer's rule. In
addition, the transfer matrix method is presented as an alternate approach for
solving scattering coecients.
Chapter 3 investigates the transparency condition for single-layer sphere with
radial anisotropy. Scattering coecients are derived based on Mie theory. With
the application of the small-radii assumption, closed-form expressions of scatter-
ing coecients are obtained. By nullifying the scattering coecients and setting
the numerator to zero, the transparency condition is derived. Subsequently, with
some manipulations, the coupling eect between tangential and radial components
of permittivity is investigated. By making comparisons with pertinent Rayleigh
results, an expression of equivalent permittivity for sphere with radial anisotropy
is derived. Numerical analysis is performed to validate the derived transparency
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condition by examining the scattering cross section and the rst few orders of scat-
tering coecient. The size tolerance of the transparency condition is also studied.
Moreover, the transparency performance of the proposed anisotropy sphere is com-
pared against earlier coated design in terms of the magnitudes of electric elds and
the distributions of time-averaged Poynting vectors in the near eld.
Chapter 4 looks into the resonance condition for coated spheres with radial
anisotropy. Starting fromMie theory, pertinent scattering coecients are obtained.
By using the small-radii approximation and the low-dissipation approximation,
closed form expressions of scattering coecients are derived. Through comparison
with the expression for a single sphere, the eective permittivity for the n-th order
resonant mode is derived. By setting the scattering coecient to one, the n-th order
resonance condition is derived. The resonance condition is presented in a contour
map in the permittivity space. Numerical analysis is performed to study the eects
of anisotropy on the size of permissible regions in a contour map. Furthermore,
the applicability of the resonance condition is validated by inspecting the density
plots of the magnitudes of scattering coecients in the material-structural space
for various congurations, particle sizes, orders of resonance and losses.
Last but not least, a summary of the thesis is provided in chapter 5. Limita-
tions of this work and proposed future work are discussed.
Chapter 2
Preliminaries
In this chapter, we present the formulation of electromagnetic elds in all regions
in the presence of a stratied spherical scatterer with radial anisotropy, which lays
the theoretical foundation for solving transparency and resonance problems to be
discussed in later chapters.
Based on full-wave Mie scattering theory, eld solutions for scattering from
uniaxial anisotropic spheres can be analytically derived by a myriad of techniques,
such as the expansion of spherical vector wave functions [33] in the cartesian coor-
dinates; the introduction of Debye potentials [24,34] or novel potentials [35,36] in
the spherical coordinates. In particular, Debye potentials are utilized in this work.
2.1 Problem set-up
The conguration of the problem is depicted in Fig. 2.1. An arbitrary-sized scat-
terer is centered at the origin O. The scatterer comprises of N layers of concentric
11

























Figure 2.1: Conguration of scattering of an incident plane wave by a stratied
radially uniaxial anisotropic spherical scatterer.
spherical shells and core with radial anisotropy. The permittivity and permeability
in any layer j (where j = 1; 2; :::; N , from the outer-most to the core region) can
be represented in tensorial form as ("j;j). To be more specic, we have












where I = brbr + bb + bb is the identity matrix, (br, b, b) are unit vectors in the
spherical coordinate system. Spherical coordinates are adopted in this work for the
convenience in describing scattering problems by spheres. "r;j (r;j) is the radial
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component of permittivity (permeability) along the br direction, "t;j (t;j) is the
tangential component of permittivity (permeability) along the b and b directions
in layer j. Hence, the material properties in the stratied sphere are termed \radial
anisotropy". The scatterer is embedded in an isotropic host medium characterized
by scalar permittivity and permeability ("m; m). An x-polarized and z-traveling
plane wave is incident on the scatterer.
Within any region, the materials involved are homogeneous and linear. Ho-
mogeneity suggests that the material properties remain constant everywhere. Lin-
earity signies that material properties are independent of the absolute values of
the electric and magnetic elds, i.e. jEj and jHj.
2.2 Fields and potentials in anisotropic media
Maxwell's equations, together with appropriate constitutive relations and bound-
ary conditions, yield unique solutions to electromagnetic problems. In this section,
we attempt to formulate elds in any isolated layer j. Boundary conditions will
be dealt with in a later section.
To begin with, we shall rewrite vector Maxwell's equations in scalar dierential
form in order to facilitate the introduction of scalar Debye potentials.
In the time domain, the four Maxwell's equations, namely, Faraday's Law,
Ampere's Law, Gauss's Law, Gauss's Law for magnetism, in vector dierential
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form are given by
rE(r; t) =  @B(r; t)
@t
; (2.2a)
rH(r; t) = @D(r; t)
@t
+ J(r; t); (2.2b)
r D(r; t) = (r; t); (2.2c)
r B(r; t) = 0: (2.2d)
In this work, all regions under investigation are presumed to be source-free
with J = 0 and  = 0. However, sources do exist in space outside these regions in
order to produce elds in regions of interest. Furthermore, all elds are presumed
to take up the harmonic time dependence e i!t which is suppressed in subsequent
derivations with no loss of generality. Hence, Maxwell's equations can be expressed
in phasor form in the spectral domain as
rE(r) = i!B(r); (2.3a)
rH(r) =  i!D(r); (2.3b)
r D(r) = 0; (2.3c)
r B(r) = 0: (2.3d)
It should be noted that in the time harmonic form, we have dened








 i!A (r) e i!t ;
where A() is an arbitrary vector symbol representing E(), H(), D(), B() or
J(). A (r) is a complex vector, also named a phasor.
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Material properties enter Maxwell's equations via constitutive relations. For
radially uniaxial anisotropic media, constitutive relations are given by
D = " E; (2.4a)
B =  H : (2.4b)
By substituting Eqs. (2.1a){(2.1b) into Eqs. (2.4a){(2.4b), Maxwell's equations,
i.e. Eqs. (2.3a){(2.3d), in any layer j can be rewritten as
rEj(r) = i!j(r) Hj(r); (2.5a)
rHj(r) =  i!"j(r) Ej(r); (2.5b)
r  "j(r) Ej(r) = 0; (2.5c)
r  j(r) Hj(r) = 0: (2.5d)
Having expressed Maxwell's equations in phasor form, we will take one step
further to rewrite them in scalar form by making use of the standard mathematical
expansions of curl and divergence.
With reference to the standard expansion of the curl of an arbitrary vector in
the spherical coordinates, the vector equation representation of Faraday's law, i.e.
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With reference to the standard expansion of the divergence of an arbitrary
































At this point, we have turned Maxwell's equations from vector to scalar dier-
ential form as shown in Eq. (2.6). In order to facilitate the application of boundary
conditions along the spherical surface, we shall represent solutions to Maxwell's
equations as a superposition of two linearly independent elds, namely transverse
magnetic (TM) waves with




and transverse electric (TE) waves with
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with respect to the radial direction. This representation is consistent with the
system of equations (2.6) derived earlier, which is further illustrated as follows.
By taking the TM wave as an example, we substitute Eq. (2.7a) into Eqs. (2.6e)












=  i!"t;jEj;TM : (2.9b)




























 . The actual eld solution should also satisfy the Gauss' law









Hj;TM = 0: (2.11)
after taking Eq. (2.7a) into account. Next, we substitute Eqs. (2.9a) and (2.9b)


















With reference to Eq. (2.11), it is safe to conclude that Eq. (2.12), as well as
Eq. (2.6a), is also fullled by the TM solution. With above examination, we have
shown that the TM solution comply with Maxwell's equations. By following the
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same argument, the compliance of the complementary TE solution can also be
veried.
Since TM and TE waves are linearly independent, Maxwell's equations can be
decoupled into two sets of equations. One set contains solely TM waves and the
other TE waves. Therefore, it will be sucient to study in detail the TM case.
The results for the TE case can be inferred by using duality.
We now construct the set of Maxwell's equations with TM elds only. Upon
application of Eqs. (2.7a){(2.7b) to Eqs. (2.6a){(2.6c), TM representations of Fara-






























































=  i!"t;jEj;TM : (2.13f)
Gauss's laws is contained in Faraday's and Ampere's laws, and therefore is
omitted here for the sake of brevity. For instance, by substituting Eqs. (2.13e){
(2.13f) into Eq. (2.13a), we obtain the TM version of Gauss's law for magnetism
given in Eq. (2.6h).
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Having arrived at Maxwell's equations for TM waves, we are ready to introduce
the concept of scalar TM and TE Debye potentials, TMj and 
TE
j [34]. Debye
potentials are a particularly useful tool for investigating scattering by spherical
objects. For TM waves, the radial component of magnetic elds is zero, whereas the
transverse components of electric elds, i.e. Ej;TM and E
j;TM
 , can be represented













If we now put U =
@(rTMj )
@r
where TMj represents the TM Debye potential


























By either substituting Eqs. (2.15a) and (2.15d) into Eq. (2.13c) or substituting
Eqs. (2.15b) and (2.15c) into Eq. (2.13b), the radial component of electric eld can
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After applying duality: " $ ;E ! H;H !  E, to Eqs. (2.15a){(2.15e),
we can obtain the corresponding TE eld components. TM and TE waves can be
combined to yield total elds for every component of electric and magnetic elds






























































So far, we have formulated elds in layer j in terms of Debye potentials. Next,
we will construct and solve wave equations in order to derive Debye potentials.
The coecients involved in the expressions of Debye potentials can be solved via
matching boundary conditions, discussed in a later section.
By substituting Eqs. (2.15c){(2.15d) into (2.13d), we obtain the wave equation



























By the method of separation of variables, we let TM Debye potential take
the form of products of three factors where every factor is a function of a single




Applying Eq. (2.18) to the TM wave equation, i.e. Eq. (2.17), and multiplying




























The last term is the only term which contains variable  and can be set equal to




























  l2 = 0:




























The rst term on the left-hand side of the above equation contains variable r only.
On the other hand, the last two terms contain variable  only and can be equated















=  n (n+ 1) : (2.20b)
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As such, Eq. (2.19) is separated into three independent ordinary dierential
equations, i.e. Eqs. (2.20a){(2.20c). Next, we proceed to solve the three equations.
Eq. (2.20a) can be rearranged as
d2h
d2
+ l2h = 0;
which is a well-known equation whose general solution is a linear combination of
harmonic functions cos (l) and sin (l) with l taking up integer values. In order
to obtain single-valued h over the range of 0 to 2 on , the solution has to take
the form of
h  cos (l) ; sin (l) : (2.21a)
The rst- and second-order partial derivatives with respect to angle  can be






































































1  cos2   dg
dcos 
cos :
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Substituting newly derived partial dierentials to Eq. (2.20b), it follows
 
1  cos2  d2g
dcos2 









which is in the form of associated Legendre dierential equation whose solutions
take the form of associated Legendre functions of the rst and second kinds as
P ln (cos ), Q
l
n (cos ), with reference to Eq. (C.2b) in Appendix C. For elds to
be nite for any value of , including 0 and , where Q
(l)
n (cos ) possesses
singularities, the solution takes the form of
g  P ln (cos ) ; (2.21b)
where l and n are integers.
We let fTM =
1p
kt;jr
F TM (kt;jr). After substituting into Eq. (2.20c), we have
d2
dr2






































2F TM (kt;jr) = 0:




















































































































2F TM (kt;jr) = 0:
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Dividing both sides by r
1


















F TM (kt;jr) = 0:






















































F TM (kt;jr) = 0;
which resembles the standard Bessel equation, as shown in Eq. (B.1) in Ap-
pendix B, with a general solution
F TM (kt;jr)  BvTMn;j + 12 (kt;jr) ;
where BvTMn;j + 12










() of (vTMn;j + 12)th order. J() and Y () represent standing
waves; H(1)() represents an outgoing traveling wave; H(2)() represents an inward
traveling wave. Depending on the situation, the solution can be a linear combina-
tion of either the former two or the latter two functions. Therefore, we have




rfTM  B^vTMn;j (kt;jr) ; (2.21c)
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() of (vTMn;j )th order, as dened in Sec. B.3 of Appendix B.
Multiplying together Eqs. (2.21a){(2.21c) and taking the summation over all









































At this point, we have derived expressions of Debye potentials in any layer j with
undetermined coecients. We will examine the incident wave and subsequently
determine pertinent coecients through matching boundary conditions along the
spherical surfaces.
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2.3 Harmonic expansion of plane wave and for-
mulation of Debye potentials
An x-polarized monochromatic plane wave with unit amplitude travels along the z
direction in a boundless, homogeneous, isotropic medium characterized by ("m; m)
in the presence of a stratied sphere located at the origin. We are going to take a
look at elds associated with undisturbed plane wave alone. We leave the interac-
tion between the plane wave and stratied sphere to a later section.
The plane wave is described by
Einc = bxEincx = bxeikmz = bxeikmr cos ; (2.23)
in a rectangular system of coordinates. The time dependence e i!t is suppressed
with no essential loss of generality.
By substituting the expression of the electric eld Eq. (2.23), into the source-
free time-harmonic Faraday's law Eq. (2.3a), the co-existing magnetic eld can be
derived as
















In dealing with scattering by a spherical object, a spherical coordinate system
is favored. Hence, we will convert expressions of electric and magnetic elds from
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rectangular to spherical coordinates by applying basic vector relationships and
coordinate transformations.
By making use of the vector relationships bx = br sin  cos + b cos  cos  
b sin [37], the x-directed incident electric eld can be decomposed into three
components along br, b and b directions, respectively, as
Eincr = E
inc
x cos sin ; (2.25a)
Einc = E
inc
x cos cos ; (2.25b)
Einc =  Eincx sin: (2.25c)
Similarly, with reference to basis vector relationship by = br sin  sin+b cos  sin+
b cos, the incident y-directed H eld, i.e. Eq. (2.24), is decomposed into
H incr = H
inc
y sin sin ; (2.25d)
H inc = H
inc
y cos  sin; (2.25e)
H inc = H
inc
y cos: (2.25f)
A well-known formula due to Bauer [34,38] is given by













is(2s+ 1)js(z)Ps(cos ); (2.26)
where Js+ 1
2




js is the spherical Bessel function of the rst kind of order s and Ps(cos ) is the
Legendre function of order s. It should be noted that the cylindrical and spherical
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With the application of both the coordinate transformation z = r cos  and
Bauer formula Eq. (2.26), the electric eld in Eq. (2.23) can be expanded in terms
of spherical harmonics under rectangular basis as
Eincx = e
ikmr cos  =
1X
n=0
in(2n+ 1)jn(kmr)Pn(cos ): (2.27)
With reference Eq. (2.27), electric and magnetic elds in spherical basis, i.e.
Eqs. (2.25a){(2.25f), can be similarly expanded as elaborated below.
The expansion of the radial component of electric elds is a bit laborious while
we perform the conversion from the derivative of Legendre function to associated





























n (cos ); (2.28a)
where the summation starts from n = 1 since P
(1)
0 (cos ) = 0. P
(1)
n (cos ) is






as detailed in Appendix C.
Similarly, other spherical components of the incident plane wave can be ex-

































in(2n+ 1)J^n(kmr)Pn(cos ): (2.28f)
Results of Eqs. (2.28a){(2.28f) will be used to match boundary conditions at
the interface between free space and the outer-most shell of the scatterer in Sec. 2.4.
An isotropic medium can be treated as a special case of anisotropic medium.
Therefore, elds and potentials in the isotropic medium can be inferred from those
derived in Sec. 2.2 by redening material properties as "r = "t = "m and r = t =











With reference to Eq. (2.28a), we can take a trial solution of the TM Debye








n (cos ): (2.30)
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ann (n+ 1) J^n (kmr)P
(1)
n (cos ): (2.31)
Due to the orthogonality of the Lengendre function, all modes are decoupled.
Therefore, by comparing coecients between Eqs. (2.28a) and (2.31) at arbitrary





















n (cos ): (2.33b)













 anT TEn H^(1)n (kmr)P (1)n (cos ): (2.34b)
where H^
(1)
n () = J^n() + iY^n() is the Riccati-Bessel function of third kind repre-
senting the outgoing wave, T TMn and T
TE
n are scattering coecients to be solved
using appropriate boundary conditions.
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In any layer j of the stratied anisotropic sphere, Debye potentials, with ref-


















































It is important to note that elds should remain regular at the origin. There-
fore, J^v() is the only appropriate Riccati-Bessel function to describe elds in




Components of scattered electric and magnetic elds can be obtained by sub-
stituting potentials Eqs. (2.34a) and (2.34b) into eld expressions Eqs. (2.16a){
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n (kmr) n ()
i
: (2.41)
Similarly, by applying Eqs. (2.35a) and (2.35b) into Eqs. (2.16a){(2.16f), re-
Chapter 2. Preliminaries 33








2664 cTMn;j J^vTMn;j (kt;jr)
+dTMn;j Y^vTMn;j
(kt;jr)


































































2664 cTEn;j J^vTEn;j (kt;jr)
+dTEn;j Y^vTEn;j
(kt;jr)



























































The derived eld expressions are useful for the numerical analysis in the near-eld,
as illustrated in Sec. 3.3.2 in Ch. 3.
2.4 Formulation of boundary conditions and deriva-
tion of scattering coecients
Scattering and transmission coecients in assorted Debye potentials can be solved
by matching boundary conditions. Transverse electric and magnetic elds, i.e.
E, E, H and H, should be matched at the interface between two adjacent
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regions. With reference to Eqs. (2.16b), (2.16c), (2.16e) and (2.16f), this condition
















Hence, at the interface between the host medium and the outermost layer of



















































































For subsequent derivations, we will focus on the TM case. By substituting ap-
propriate Debye potentials from Eqs. (2.33a), (2.34a) and (2.35a) into Eqs. (2.48){
(2.49), we arrive at a set of linear equations as follows.
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J^ (kma1)  T TMn H^(1)n (kma1)
i








2664 cTMn;1 J^vTMn;1 (kt;1a1)
+dTMn;1 Y^vTMn;1 (kt;1a1)










J^ (kma1)  T TMn H^(1)n (kma1)
i











2664 cTMn;1 J^vTMn;1 (kt;1a1)
+dTMn;1 Y^vTMn;1 (kt;1a1)
3775P (1)n (cos )
9>>=>>; : (2.50b)

















































3775P (1)n (cos )
9>>=>>; : (2.51b)
Since all modes are decoupled due to the orthogonality of Legendre functions,
we can single out mode n. After some manipulations, Eqs. (2.50){(2.51) can be
simplied as follows.
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It should be noted that dTMn;N = 0 since the eld should remain nite at the origin.
As such, a set of linear equations for describing boundary conditions at all
interfaces is presented in Eqs. (2.52)-(2.54). The scattering coecient and trans-
mission coecients in every layer, namely T TMn , c
TM
n , and d
TM
n , can be solved
with the application of Cramer's rule. As an illustration, the scattering coecient,
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(kt;2a2)  Y^vTMn;2 (kt;2a2) 0:::0
 J^ 0
vTMn;2

















































































(kt;2a2)  Y^vTMn;2 (kt;2a2) 0:::0
 J^ 0
vTMn;2
































We have demonstrated the derivation of scattering coecients by using Cramer's
rule. Alternatively, the scattering coecients can be solved via the transfer matrix
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3775 ; V TMj  =
2664 cTMn;j
dTMn;j






series of matrices can be directly evaluated with appropriate struc-




series of matrices contain un-
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known coecients yet to be determined.




























   F TMj  1r=aj+1 F TMj+1 r=aj+1    F TMN 1 1r=aN F TMN r=aN ;
with j = 2; 3; :::; N   1.














Results for the TE mode follow by duality: ! ", vTM ! vTE.
So far, two methods have been discussed for deriving scattering coecients,
namely Cramer's rule and transfer matrix method. The diculty of solving a
computational problem can be quantied in terms of space and time requirements.
Space complexity is related to the total size of matrices. For Cramer's rule, the
total size of matrices involved is (2N  2N) 2 with space complexity O(N2). For
the transfer matrix method, the total size of matrices involved is (22)2N with
space complexity O(N). On the other hand, the time complexity is related to the
total number of operations, such as summation and multiplication. For Cramer's
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rule where the determinants of N by N matrices have to be determined, the time
complexity is O(N !). For transfer matrix method where 2N sets of 2 by 2 matrix
have to be multiplied, the time complexity is O(N). It is obvious that as the
value of N increases, both the space and time complexity of using Cramer's rule is
much higher than the transfer matrix method. For small values of N , there is not
much dierence in computational complexity between the two methods. It should
be noted that using Cramer's rule has the advantage of obtaining scattering and
transmission coecients in all regions, whereas using transfer matrix method only
yields scattering coecients. Therefore, in subsequent chapters while dealing with
single and coated spherical structures with N = 1; 2, Cramer's rule is adopted to
facilitate the analysis in both far- and near-eld zones.
2.5 Conclusions
In this chapter we have investigated the scattering properties of a N -layer radi-
ally uniaxial anisotropic sphere with an incident plane wave through the full-wave
analytical approach. Components of electric and magnetic elds in all regions
have been formulated in terms of Debye potentials in the spherical coordinates.
Cramer's rule is employed to compute both the scattering and transmission coef-
cients. An alternative method, the transfer matrix method, is presented, which
is particularly suited for obtaining scattering coecients while N is large. This
chapter lays the theoretical basis for the analysis of scattering of single-layer and





During the 1940s, research on invisibility was initiated for military purposes to hide
aircraft from radar detection via stealth technology such as using absorbent paint
or by giving objects certain shapes. Later on, the concept of nonabsorbing coating
of invisibility was envisioned in the research community [23]. In recent years,
the interest in invisibility has revived as a result of advances in metamaterials.
Unlike stealth technology where the incident power is either converted to heat or
reected in other directions, the usage of metamaterials opens up the possibility of
preserving both the magnitude and direction of the incoming power ow. Moreover,
potential applications of invisibility have spread to various engineering aspects, for
instance, in medical probing and imaging.
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Several ingenious approaches have been devised for the design of metama-
terial coatings of invisibility, among which the two most popular ones are de-
veloped according to transformation optics [7, 8, 40, 41] and scattering cancella-
tion [10, 23, 42, 43] techniques, respectively. The former approach is mathemati-
cally elegant in the sense that the designed coating is independent of the object
to be hidden. On the other hand, this approach is practically challenging, and it
requires materials to be both inhomogeneous and anisotropic. Methods have been
proposed to reduce the material complexity of the transformation cloak by means
of conning inhomogeneity to the radial direction [18, 19, 44] or forcing relative
permeability to unity [17]. The latter approach, utilizing scattering cancellation
technique, is ideal for electrically small particles where the higher-order contri-
butions to the scattered elds are negligible. Furthermore, the coating is readily
realizable by plasmonic materials such as noble metals at their plasma frequen-
cies. In this work, the scattering cancellation approach is adopted for its ease of
implementation.
In contrast to previously discussed cases, where the employment of metama-
terial coatings is necessary, we aim to design a spherical particle which is made
transparent by the introduction of radial anisotropy. This work is inspired by the
recent progress on the analysis and characterization of electromagnetic scattering
by radially uniaxial anisotropic spheres. Previously, parametric analysis in the
far-eld zone has been carried out to study the eects of anisotropy on scattering
by single spheres, be that diminution or enhancement [36,45]. As an extension, in
this work, an exact analytical relation in terms of constitutive parameters has been
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established for minimal scattering from radially uniaxial anisotropic spheres. Full-
wave numerical analysis has been performed to validate the transparency relation
in both the far- and near-eld zones. In particular, the eectiveness of the proposed
design with reduced tangential or radial permittivity, in terms of scattered elds
and time-average Poynting vector distributions, has been compared against the
former coated design in the near-eld zone. With regard to its realizability, several
designs of articial radial anisotropy have been reported, such as media embed-
ded with metal wires [46], multishell fullerene with central cavity [47], composites
containing graded bers [48], and thin layers with alternating permittivity [21,22].
In this chapter, we extend the scattering cancellation technique to the case
of radially uniaxial anisotropic spheres to minimize scattering. Following the the-
oretical formulation of elds with Debye potentials, we derive the transparency
relation for zero scattering of radially uniaxial anisotropic spherical particles. In
the small-radii limit, we take one step further to examine the dipolar scattering
coecient and reach an expression of the eective permittivity of radially uniaxial
anisotropic spheres. Last but not least, results from the full-wave numerical analy-
sis are presented to validate the derived transparency relation and to demonstrate
the eectiveness of the proposed designs in comparison to former design by Alu
and Engheta [10].
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3.2 Theoretical analysis
3.2.1 Theoretical background
In this work, the interaction between electromagnetic waves and the spherical
scatterer is formulated based on the Mie scattering model extended to the case of
radially uniaxial anisotropic materials. The conguration of the problem is shown
in Fig. 3.1. A radially uniaxial anisotropic spherical scatterer of radius a is centered
at origin o and immersed in an isotropic host medium whose permittivity and per-
meability are denoted by "m and m, respectively. An x -polarized monochromatic
plane wave with unit amplitude travels along the z direction, given by
Einc = x^eikmze i!t; (3.1)
where km = !
p
"mm. It should be noted that e
 i!t is the implicit time-dependent
factor and is suppressed in subsequent formulations without aecting any results.
The permittivity and permeability tensors of the scatterer are dened in the spher-
ical coordinates as " = ("r   "t) r^r^ + "tI and  = (r   t) r^r^ + tI, where the
identity tensor is dened as I = r^r^ + ^^ + ^^, "r (r) is the radial component
of permittivity (permeability) along the r^ direction and "t (t) is the tangential
component of permittivity (permeability) along the direction that is perpendicular
to the r^ direction. It should be noted that kt = !
p
"tt.
The incident wave described by Eq. (3.1) can be expanded in terms of spherical
harmonics. In particular, the radial component of the incident electric eld is given












Figure 3.1: Conguration of scattering of an incident plane wave by a radially








in+1 (2n+ 1) J^n (kmr)P
(1)
n (cos ) ; (3.2)
where J^n() denotes the nth-order Riccati-Bessel function of the rst kind; P (1)n (cos )
denotes the rst-order associated Legendre function of degree n. An important
relationship is given by B^n(z) =
p
z=2Bn+1=2(z), where B^n() represents the nth-
order Riccati-Bessel functions of the rst, second, and third kinds, namely, J^n(),
Y^n(), H^(1)n (); Bn+1=2() represents the pertinent (n+1=2)th-order cylindrical Bessel
functions, namely, Jn+1=2(), Yn+1=2(), and H(1)n+1=2(), whose denitions are avail-
able in standard texts [49]. P
(1)
n (cos ) is related to the Legendre function of degree
n, Pn(cos ), by dPn(cos )=d = P
(1)
n (cos ). All special functions mentioned in
this work strictly follow the denitions of [49].
As a common practice, we decouple the elds into transverse magnetic (TM)
and transverse electric (TE) modes with respect to the r^ direction, which can
be derived from the scalar TM and TE Debye potentials, TM and TE, respec-
Chapter 3. Transparent spherical particles with radial anisotropy 47
tively [34]. Subsequently, we focus on results for the TM mode only, since results
for the TE mode can be conveniently derived by duality.
By following the procedure presented in Ch. 2, the radial components of the
incident, scattered and transmitted electric elds can be derived, with the intro-




























After making comparisons between the two expressions of Eincr in Eqs. (3.2)










n (cos ) : (3.6)
Furthermore, the TM Debye potentials for the scattered and transmitted elds






















n (cos ) ; (3.8)
where TTMn denotes the nth-order TM scattering coecient, c
TM
n denotes the nth-
order coecient of the transmitted TM wave within the spherical object, J^vTMn ()











where vTMn is unrestricted.
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Now we comes to the solving of scattering coecients. This is the case ofN = 1
in Ch. 2. By matching boundary conditions at r = a and solving the resultant












J^n (kma) J^vTMn (kta)
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Y^n (kma) J^vTMn (kta)
kt
km





with the prime sign denoting the derivative with respect to the argument.
The total scattering cross section of the object is dened as the ratio of the








T TMn 2 + T TEn 2 : (3.13)






3.2.2 Derivation of transparency relation
To achieve zero scattering with reference to Eq. (3.13), we need to nullify the
scattering coecients. Taking the TM mode as an example, it can be observed
that TTMn diminishes as long as its numerator C
TM
n , given in Eq. (3.11), goes to zero.
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With the assumption that the scatterer is electrically small (kma  1; kta  1),
the closed form expression of CTMn can be worked out as follows.
First, limiting values of Riccati-Bessel functions with small arguments can be





v+1  (v + 3/2); (3.15)
Y^v (kma) =  
p
1/  (v + 1/2) (kma/2)
 v; (3.16)
where  () denotes gamma function [49] and Re(v) > 0.
























  vTMn + 1  "t"m (n+ 1)
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: (3.17)























For scattered elds by electrically small particles, the electric dipolar contribu-
tion (corresponding to n = 1) dominates, and higher-order contributions become
negligible in the summation in Eq. (3.13). Thus, the transparency relation with
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Furthermore, we presume that the scatterer is nonmagnetic (i.e., r = t =
0). As such, Eq. (3.19) is always satised. In other words, the TE scattering co-
ecient in the present case is always negligible for small particles. When magnetic
materials are considered, however, Eq. (3.19) will play an important role in the
wave characterizations.
With reference to Eqs. (3.15) and (3.16), the electric dipolar scattering coe-













As shown by Eq. (3.21), contributions of the tangential and radial components of
permittivity to the dipolar scattering cannot be decoupled into two independent
entities. Therefore, it can be inferred that the total dipole moment, in this case,
is not a simple superposition of isolated contributions of tangential and radial
components of permittivity. Coupling eects play an important role. The above
analysis provides physical insight into the parametric analysis of the electric and
magnetic anisotropy in [36].
When the sphere is isotropic with "t = "r = "s, Eq. (3.21) is reduced to the





3 "s   "m
"s + 2"m
: (3.22)
By comparing Eq. (3.21) with Eq. (3.22), we arrive at an expression for the
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which was derived independently for the rst time to our knowledge when this work
was nished. However, it was known that the same expression was independently
obtained, expressed in a dierent form, and published in another paper slightly
later in [32]. Equation (3.23) is particularly useful for future analysis of composite
medium embedded with radially uniaxial anisotropic inclusions. It can be inferred
from Eq. (3.23) that the eective permittivity of the particle "s is always equal to
that of the surrounding medium "m, when the transparency relation Eq. (3.20) is
satised. This observation agrees with the \neutral inclusion" concept developed
for the design of transparent particles in [50].
3.3 Numerical analysis
3.3.1 Far-eld analysis
With the introduction of radial anisotropy, we attempt to suppress the electric
dipolar term T TM1 , which is the major contributor to wave scattering for an isotropic
spherical particle. For instance, an isotropic sphere with " = 3"0,  = 0 and
a = 0=5 yields normalized total scattering cross section of T=
2
0 = 0:12 where
the dominant scattering coecient T TM1 = 0:47 is about three times T
TE
1 = 0:18.
In the following analysis, the total scattering cross section and rst few scattering
coecients for three cases are examined: electrically small particles (a = 0=100)
with varying "r and larger particles (a = 0=5) with either varying "r or varying
"t. The host medium is presumed to be air with "m = "0 throughout this section.
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Figure 3.2: (a) Normalized total scattering cross section and (b) contribution of the
rst-order TM scattering coecient, with respect to "r="0, with "t = 3"0,  = 0,
and a = 0=100.
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To begin with, we set "t = 3"0 and a = 0=100. The normalized total scattering
cross section T=
2
0 is examined over a range of "r="0 in Fig. 3.2(a). The dip of the
plot occurs at "r="0 = 0:2, which is in perfect agreement with the previously derived
transparency relation in Eq. (3.20). In Fig. 3.2(b), the contribution of the rst-
order TM scattering coecient, T TM1 , is plotted against "r="0. The TE and higher-
order TM scattering coecients are not presented here since their magnitudes,
being at least two orders lower than T TM1 , are comparatively negligible. In this
case, the electric dipolar term, T TM1 , can thus be treated as the sole contributor to
scattering. The minima of T TM1 and T=
2
0 take place at the same "r="0 value. As
such, minimum scattering takes place due to the cancellation of the electric dipole
depicted in Eq. (3.21).
At a = 0=100, the case with "r = 3"0 and varying "t yields a similar plot as
in Fig. 3.2. The result is not shown here for the sake of brevity.
In Fig. 3.3, the particle has the same parameters as those in Fig. 3.2, except
that a = 0=5 instead of 0=100. In Fig. 3.3(a), the dip occurs at "r="0 = 0:25
which is higher than in Fig. 3.2(a). As such, the transparency relation given by
Eq. (3.20) requires a slight adjustment in value. This is because as the object
becomes larger, the small-argument approximations to Riccati-Bessel functions
are no longer appropriate. Therefore, the full expression in Eq. (3.11), instead of
the simplied expression in Eq. (3.17), has to be equal to zero in order to cancel
T TM1 .
In Fig. 3.3(b), it can be observed that as the particle size increases, the con-
tribution of the magnetic dipole T TE1 is no longer negligible. T
TE
1 is independent
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Figure 3.3: (a) Normalized total scattering cross section and (b) contributions of
several TM and TE scattering coecients, with respect to "r="0, with "t = 3"0,
 = 0, and a = 0=5.
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of "r and therefore has no eect on the position of the dip in Fig. 3.3(a). As
such, the position of the minimum T=
2
0 is still determined by the minimum in
T TM1 . In other words, the minimum in scattering corresponds to the cancellation
of the electric dipole even when the particle size is comparable to the free space
wavelength.
In Fig. 3.4, the object has the same parameters as those in Fig. 3.3, except that
"r = 3"0 is held constant instead of "t. In Fig. 3.4(a), the dip occurs at "t="0 = 0:62,
which is slightly lower than the predicted value of "t="0 = 0:67 in Eq. (3.20). The
position of the dip in Fig. 3.4(a) depends not only on the dip in electric dipole
T TM1 but also on values of magnetic dipole T
TE
1 and electric quadrupole T
TM
2 since
they all vary with changing "t, as shown in Fig. 3.4(b).
3.3.2 Near-eld analysis
Among the six components of scattered elds, the radial electric eld Escar is se-
lected for demonstrating eects of canceling T TM1 , since its expression solely de-
pends on the TM Debye potential as shown in Eq. (3.3). Furthermore, the x-z
plane, also termed as the E plane, is chosen for eld plotting after inspecting
Eq. (3.7). It is apparent that the TM Debye potential, as well as all of its multi-
polar terms, yield maximal values in the E plane where cos = 1.
Four cases are carefully examined. An isotropic sphere with " = 3"0,  = 0
and a = 0=5 is chosen as the reference scatterer in Fig. 3.5(a). Designed according
to procedures proposed in [10], a coating layer with optimal parameters, ac = 1:49a
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Figure 3.4: (a) Normalized total scattering cross section and (b) contributions of
several TM and TE scattering coecients, with respect to "t="0, with "r = 3"0,
 = 0, and a = 0=5.
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and "c = 0:5"0, is placed around the reference sphere in Fig. 3.5(b). The last two
cases are obtained by introducing optimal tangential or radial permittivity into the
reference sphere. In Fig. 3.5(c), we have "t = 3"0 and "r = 0:25"0; in Fig. 3.5(d)
we have "t = 0:62"0 and "r = 3"0, corresponding to the optimal values observed at
the dips in Fig. 3.3(a) and Fig. 3.4(a), respectively.
Figure 3.5(a) serves as the reference plot, displaying a dipolar pattern for
the magnitude of the radial component of the scattered electric eld jEscar j in
the E plane for an isotropic spherical particle. The rest of the contour plots in
Fig. 3.5 manifest quadrupolar patterns, signifying the successful cancellation of
the electric dipolar contribution T TM1 to scattering. Among the three quadrupolar
patterns, Fig. 3.5(b) representing former work [10], depicts the highest scattering
magnitude because the added coating layer enhances higher-order contributions to
the scattering. The scattering pattern in Fig. 3.5(c) is the lowest in magnitude in
agreement with the the values of T TM1 and T
TM
2 that are close to zero as shown
in Fig. 3.3(b) at the optimal point of "r = 0:25"0. In short, the two proposed
designs yield better transparency performance in the TM mode than former work,
in a sense that the magnitudes of the radial components of the scattered elds in
Figs. 3.5(c) and 3.5(d) are about one order lower than that in Fig. 3.5(b).
Figure 3.6 shows the total time-averaged Poynting vector distribution in the
E plane for the same set-ups as in Fig. 3.5. Figures 3.6(b)-3.6(d) display dierent
degrees of reduced forward scattering as compared with Fig. 3.6(a). Figure 3.6(d)
shows the best performance with nearly unperturbed power ow. This is because
both the TM and the TE scattering coecients of a dielectric sphere can be sig-




































Figure 3.5: Contour plots of magnitude of radial components of scattered electric
elds in the x-z plane for (a) an isotropic sphere with " = 3"0,  = 0, and
a = 0=5; (b) the same as (a), except for a coating of ac = 1:49a and "c = 0:5"0;
(c) the same as (a), except that "t = 3"0 and "r = 0:25"0; and (d) the same as (a),
except that "t = 0:62"0 and "r = 3"0.
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Figure 3.6: Distribution of magnitude of time-average Poynting vector and associ-
ated power ow lines in the E plane for the same four cases as in Fig. 3.5.
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nicantly reduced with the introduction of optimal "t value, as shown in modal
analysis at "t = 0:62"0 in Fig. 3.4(b), which leads to negligible scattered power
in Fig. 3.6(d). On the other hand, the forward scattering in Fig. 3.6(c) is not
fully eliminated, despite the low contribution from the TM mode, as shown in
Fig. 3.5(c), since its TE scattering coecients are unabated by changing "r value,
as shown in Fig. 3.3(b). Overall, the proposed design in Fig. 3.6(d) with negligible
forward scattering demonstrates superior transparency performance over the one
representing the former design in Fig. 3.6(b).
3.4 Conclusions
In this chapter, we have demonstrated that carefully engineered radial anisotropy,
in an eort to cancel the dominant electric scattering coecient T TM1 , leads to a
remarkable reduction in scattering by a single dielectric sphere. A transparency
relation between "r and "t has been analytically established based on the Mie theory
which leads to the precise prediction of the optimal parameters for electrically
small particles and requires slight adjustments with the increase in particle size.
The design with optimized tangential permittivity gives the best transparency
performance in a sense that the power ow is almost unaected by the presence of
the object. On the other hand, the design with optimized radial permittivity can
be improved by reducing contributions from its TE scattering coecients with a
suitable permeability, which can be a topic for future work.
Compared to previous coating designs, the designed single anisotropic sphere
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has its distinct merits. From an engineering point of view, it is more robust. For
instance, in applications such as medical probing and imaging, this technique can
be applied to design a robust probe without having to worry about the wear and
tear of any additional coating layer whose performance depends on a xed core-shell
radial ratio [10, 24]. In addition, the design with reduced tangential permittivity
yields better transparency performance over the coated design, as shown in the
near-eld analysis. As such, the proposed design is useful for applications with
space constraint, long durability, and stringent transparency criteria.
Having examined the role of anisotropy in minimizing scattering, we will study
the opposite case, namely, enhanced scattering, in the next chapter.
Chapter 4
Plasmon-resonant spherical
particles with radial anisotropy
4.1 Introduction
Plasmonic resonant scattering by a spherical particle with dimension much smaller
than the incident wavelength, is characterized by sharp, giant peaks in the extinc-
tion spectrum with intensities comparable to particles much greater in size, and
also by complex Poynting vector eld distributions [29]. The resonant scattering
takes place due to the excitation of surface plasmons, which in turn are trans-
formed into scattered energy, when the incident frequency coincides with one of
the surface modes of the scatterer. In the lossless limit, the nth-order compo-
nent of an incoming plane wave is totally scattered at resonance. The scattering
maximization associated with resonant scattering is of particular interest to this
work.
62
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A surface plasmon is the collective oscillation of electron gas that can be sup-
ported at the interface between two media whose real parts of dielectric functions
are of opposite signs. Negative dielectric functions can be found in conductors,
such as metals, below their plasma frequencies as described by the Drude model.
Pertaining to optical frequencies, commonly used metals are gold, silver, and alu-
minium. Although dissipative loss is inherent in materials with negative constitu-
tive parameters, zero dissipation is presumed in this work without loss of generality.
This is because dissipation far below a limiting value has no qualitative eect on
resonance, as theoretically postulated by Tribelsky and Luk'yanchuk [29]. As a
side note, excessive dissipation leads to diminution of plasmonic resonance and
restoration of Rayleigh scattering [29].
Typically, resonant scattering at optical frequencies is realised by metallic
nanoparticles (NPs) and nds application in spectroscopic sensing [51]. Although
at present they are not as sensitive as their thin-lm-counterparts, such as nanoholes
in thin lms, NP sensors have distinct merits of low cost, portability, improved ab-
solute detection limit (total number of molecules detected) and capability of in
vivo measurement inside cells [28, 52]. In particular, core-shell NPs oer one ex-
tra degree of geometrical freedom and thus can be tuned over a much broader
spectrum than single-layer NPs, as demonstrated theoretically [53, 54] and exper-
imentally [55]. Amidst the recent trend to further enhance the tunability and
functionality of the NPs, we introduce radial anisotropy into core-shell spheres as
elaborated below.
Radial anisotropy is locally dened in the spherical coordinates, where the per-
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mittivity in the radial direction is dierent from that perpendicular to the radial
direction. Radial anisotropy can be found in cell membranes containing mobile
charges [56], phospholipid vesicle systems [57], and multishell fullerenes with a
central cavity [47]. This kind of material is a popular candidate in eld manip-
ulation to either minimize [7, 24, 58] or enhance [45, 32] scattering by a spherical
object. Based on extended full-wave Mie theory, scattering properties of core-shell
spheres with radial anisotropy have been studied [35,24,32]. Gao et al. derived an
expression of the eective permittivity of a coated sphere with radial anisotropy for
the non-resonant case [24]. Here, we will generalize the expression of eective per-
mittivity to cover resonant scattering. In earlier work, the geometric and electric
parameters are xed and the resonant frequency is located by performing a fre-
quency sweep [31,32]. For some applications, the operating frequency is predened
as a more economic choice. Therefore, we attempt to design resonant structures
at given frequencies of interest. Constitutive parameters which are dispersive can
be derived from frequencies via pertinent dielectric functions. Previously, the reso-
nant conditions of single-layer [29] and core-shell [30] spheres have been formulated
based on Mie theory under small-radii and low-dissipation assumptions. Adopting
the same methodology, we attempt to derive the resonant condition of core-shell
spheres with radial anisotropy.
In this study, we investigate the plasmonic resonant scattering by coated
spheres with radial anisotropy incident by a plane electromagnetic wave. We an-
alytically derive the resonance condition encompassing material and structural
parameters based on Mie theory at given frequencies of interest. Furthermore, we
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deduce the eective permittivity of such structures at arbitrary surface localized
electromagnetic modes (SLEM) by making comparisons with pertinent expressions
of a single isotropic sphere given in [29]. Numerical analysis is performed to quan-
titatively study the eects of dielectric anisotropy on the size of permissible regions
in the permittivity space. In addition, the density plots of scattering coecients
are presented in the structure-material space for dierent particle sizes, modes,

















Figure 4.1: Conguration of scattering of an incident plane wave by a coated
radially uniaxial anisotropic spherical scatterer.
As illustrated in Fig. 4.1, a coated radially uniaxial anisotropic spherical scat-
terer of shell radius a1 and core radius a2 is centered at the origin and immersed in
an isotropic host medium whose permittivity and permeability are denoted by "m
and m, respectively. An x-polarized monochromatic plane wave with unit ampli-
tude travels along the z direction, as described by Ei = x^eikmze i!t, where km =
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!
p
"mm. The permittivity and permeability tensors of the scatterer are dened in
spherical coordinates as "j = ("r;j   "t;j) r^r^+ "t;j I and j = (r;j   t;j) r^r^+ t;j I,
where the identity tensor is given by I = r^r^ + ^^ + ^^. The symbol j denotes the
layer number (j = 1 for the shell region and j = 2 for the core region). It should
be noted that kt;j = !
p
"t;jt;j.
We adopt the Mie scattering model extended to the case of radially uniaxial
anisotropic media. As usual, the electromagnetic waves are decoupled with the
introduction of Debye potentials into transverse magnetic (TM) and transverse
electric (TE) components with respect to the radial direction, in order to facilitate
the matching of boundary condition along spherical surfaces [34]. The following
formulation focuses on the TM wave, whereas the results for TE wave can be
conveniently inferred by duality. Following the approach presented in Ch. 2, the
TM scattering coecient of order n, corresponding to the nth-order component in
































































































"t;j/"r;jn (n+ 1) + 1=4  1=2:
At this stage, we introduce the key assumption in the analytical part of this
work that the scatterer is electrically small. To be more specic, the dimension of
the scatterer is much smaller than the wavelength in all regions, namely jkmja1  1,
jkt;1ja1  1, and jkt;2ja2  1. Expressions of rst- and second-kind Riccati-Bessel
functions can thus be simplied with reference to pertinent cylindrical Bessel func-
tions given in [49]. Consequently, components of the numerator and denominator
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where






































  "t;1  vTMn;2 + 1 :
For non-magnetic particles, the contributions from the TE mode are negligible
with T TEn ' 0 in the small-radii limit. This can be easily observed by applying
duality to Eq. (4.2a).
Conventionally, CTMn  (kma1)2n+1 is treated as being negligible compared to
DTMn under Rayleigh approximation. As a result, it follows that T
TM
n  (kma1)2n+1
which naturally leads to the conclusion that the weak dipolar scattering prevails
over higher-order modes. On the contrary, this work is concerned with a case of
nullied DTMn . Consequently, C
TM
n in the denominator can no longer be neglected
and T TMn tends to its maximum value of 1. Hence, scattering maximization of nth-
order component of incident wave is realized. For small particles, the scattering
enhancement is closely related to the excitation of nth-order surface mode. By
setting (4.2b) to zero, the nth-order resonance condition for the coated small sphere





















  "t;1  vTMn;2 + 1 : (4.3a)
Equation (4.3a) serves as a quick gauge of the radial ratio for the design of a
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spherical scatterer at nth-order plasmonic resonance with given constitutive pa-
rameters and dielectric anisotropy. It is presumed that the tangential and radial
permittivity in any layer are of the same sign, so that the orders of Riccati-Bessel
functions vTMn;j are kept real, which in turn facilitates the computation of resonant
radial ratios. It can be observed that the resonant condition for electrically small
particles does not depend on the absolute values of the radii, but rather the radial
ratio, which is in agreement with the isotropic case [30].























  t;1  vTEn;2 + 1 ; (4.3b)
where vTEn;j =
p
t;j/r;jn (n+ 1) + 1=4  1=2:
Equation (4.3a) is graphically illustrated in the contour plot in Fig. 4.2, for
given modal number n, dielectric anisotropy in core "t;2/"r;2 and shell "t;1/"r;1,
and permittivity of the surrounding medium "m. The colored regions correspond
to the permissible regions in which a combination of radial ratio a2=a1, tangential
permittivity in the core "t;2 and shell "t;1 exists for resonance to take place. Lighter
shades represent higher radial ratios at resonance. The blank regions represent
forbidden region for resonance. In addition, the pertinent labels for the design map
in the radial permittivity space are provided in brackets. The dielectric anisotropy
and modal number should be predened.
It can be observed in Fig. 4.2 that resonance cannot be supported when the
permittivity in both layers is positive. Furthermore, there are two permissible































































Figure 4.2: Contour plot of resonance condition over "t;1{"t;2 ("r;1{"r;2) space:
colored region corresponds to 0 < a2=a1 < 1; blank region corresponds to forbidden
region.
regions of resonance in every of the 2nd to 4th quadrant. The focus of this work
is on localized surface plasmonic resonance (LSPR) which can only be supported
at the core-shell interface. As such, the 3rd quadrant is purposely overlooked in
which both the core and shell layers have negative permittivity. On the other hand,
both the 2nd and 4th quadrants are of interest to this work since permittivity in
the core and shell is of opposite signs. In total, four distinct permissible regions
are observed in the 2nd and 4th quadrants which will be further investigated via
numerical analysis.
In the small-radii limit, the coated sphere with radial anisotropy can be treated
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as a single-layer isotropic sphere with an eective permittivity. By comparing
Eqs. (4.2a) and (4.2b) with pertinent expressions of an isotropic sphere [29], the





By inspection, the resonance condition can be equivalently dened by "e(n)="m =
 (n+ 1)=n. On the other hand, away from the resonant frequencies, the eective





Rayleigh scattering resumes and the electrically small scatterer is approximated
as a radiating dipole. Furthermore, when "e(n = 1)="m ! 1, scattering is mini-
mized whereby the scatterer 'dissolves` into the background medium and becomes
transparent to impinging electromagnetic waves [24].
In particular, when materials are isotropic, Eqs. (4.3a) and (4.3b) converge to
the formulae presented in [30]. It can be observed that the TM and TE resonance
conditions given by Eqs. (4.3a) and (4.3b) solely consist of permittivity and per-
meability, respectively. When a2/a1 = 0 or 1, the case is equivalent to a single
layer sphere. Hence the resonance conditions for nth-order TM and TE modes of















For the isotropic case, Eqs. (4.5a) and (4.5b) can be reduced to [30].
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4.3 Numerical analysis
4.3.1 Eect of anisotropy on proportion of permissible re-
gions
In this analysis, we presume the surrounding medium to be water (with "m =
1:7689"0 and m = 0) and the scatterer is non-magnetic (1 = 2 = 0). Hence,
under the small-radii assumption, only TM resonance modes are relevant to our
analysis. Dissipative losses are presumed to be negligible everywhere. We take a
further look at the contour plot in the shell{core tangential permittivity space as
shown in Fig. 4.2, in particular, the "t;1{"t;2 space. Results can be easily extended
to the "r;1{"r;2 space. As can be observed from Fig. 4.2, at least one layer of the
particles has to possess negative permittivity for resonance to occur. Therefore, we
consider two congurations in the following analysis, namely, one with anisotropic
core and metallic shell, and the other with anisotropic shell and metallic core.
First we consider the metal shell case with "t;1/"r;1 = 1 for the isotropic shell,
whose resonance condition lies in the 4th quadrant in Fig. 4.2. We are interested
to know how anisotropy aects the permissible ranges of constitutive parameters.
After some manipulations, a quantitative study is performed on the proportion
of colored area to total area in the 4th quadrant. A higher proportion correlates
with a wider permissible region. In Fig. 4.3, the proportion of permissible area
in the 4th quadrant with varying core dielectric anisotropy ranging from 0:01 to
100 is presented for dipolar, quadrupolar and higher order multipolar resonance.
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In Fig. 4.3(a), the core tangential permittivity is limited between 0  15"0, the
shell permittivity is limited between  15"0  0. In Fig. 4.3(b), the constraint is
relaxed, so that the two ranges are extended to 0  100"0 and  100"0  0.
It can be observed in Fig. 4.3(a) that the proportion of permissible region
increases with increasing core dielectric anisotropy, reaches a maximum and then
gently decreases. For a low value of core anisotropy, the proportion of permis-
sible region decreases with increasing modal number, whereas a reverse trend is
observed for a high value of the core anisotropy. In Fig. 4.3(b), the proportion of
permissible area increases with increasing core dielectric anisotropy and decreases
with increasing modal number. By making comparisons between Fig. 4.3(a) and
4.3(b), it can be concluded that when the choice of core tangential permittivity
is limited, there exists an optimal core dielectric anisotropy that maximizes the
proportion of permissible region. When the constraint is lifted, i.e., the "1{"t;2
space is expanded, a higher core dielectric anisotropy leads to a higher proportion
of permissible area.
For a particle with metallic core, results are presented in Fig. 4.4. In general,
increasing the shell dielectric anisotropy "t;1/"r;1 leads to a decreasing proportion
of permissible area, contrary to the case with metallic shell.
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4.3.2 Eects of particle sizes, modes, dissipative losses and
congurations on resonance trace
Based on extended full-wave Mie theory, the nth-order TM scattering coecients
T TMn , of a core-shell scatterer composed of one plasmonic layer and one anisotropic
layer, are computed as a function of both the normalized radial permittivity "r;j="m
in the anisotropic layer and the radial ratio a2=a1 2 (0; 1). The results exhibit
a resonance trace (jT TMn j = 1) in the ("r;j="m; a2=a1) space which is compared
against a plot obtained from the closed-form resonance condition. The aim is
to validate the applicability of the derived resonance condition for scatterers of
dierent particle sizes, SLEM, dissipative losses and congurations.
As can be observed from the contour map in Fig. 4.2, LSPR can be excited
in a two-layer scatterer when at least one of the layers contains negative radial
permittivity. The conguration under investigation consists of an isotropic core
layer with "2="m =  5 at the operating frequency and an anisotropic shell layer
with "r;1="m 2 (1; 10). The shell tangential permittivity is generated from the
shell radial permittivity with reference to an arbitrary relation 2"t;1/3+"r;1/3 = 4.
Hence, it follows that "t;1="m 2 (5:5; 1). It should be noted that the shell layer is
isotropic when "r;1="m = 4.
In the small-radii limit, by using above-mentioned constitutive parameters,
the radial ratios at resonance are computed from Eq. (4.3a) for the rst few orders
of n = 1; 2; 3; 4 and presented in Fig. 4.5. It can be observed that a threshold
exists at the lower end of the "r;1="m scale, below which no resonance can be
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supported by the scatterer regardless of the a2=a1 value. The threshold value of
"r;1="m increases with the modal number. Above the threshold, the a2=a1 values at
resonance sharply increase, then gently decrease, and nally rapidly decrease with
increasing "r;1="m. In particular, the combinations of constitutive parameters at
resonance should belong to permissible region in 2nd quadrant of respective contour
plots illustrated in Fig. 4.2. From earlier analysis, it is inferred that every curve
in Fig. 4.5 corresponds to a trace of "e(n)="m =  (n+1)=n. As n increases from
1 to 4, "e(n)="m =  2; 1:5; 1:33; 1:25, respectively. It can be concluded that
the eect of changing dielectric anisotropy on the value of resonant radial ratio
has no xed trend; the determinant factor of resonance is the value of the eective
permittivity of the scatterer.
Having plotted traces of eective permittivity derived in the small-radii limit,
we now turn our attention to the full-wave analysis of
TTM1 . By making use of
the set of constitutive parameters dened earlier and a2=a1 2 (0; 1), an array ofTTM1  values is computed from Eq. (4.1) with exact expressions of CTM1 and DTM1
determined using extended Mie theory. This analysis is repeated for particles of
dierent electrical sizes, modes, losses and congurations. Results are presented
as density plots in the ("r;1="m; a2=a1) space. As
TTM1  decreases from 1 to 0, the
shades change gradually from bright to dark. In particular, certain combinations
of material and geometric parameters lead to
TTM1  ! 1 and are collectively
represented by the bright resonance trace. In general, at nth-order resonance,
induced surface plasmons are maximally transformed into scattered energy via
radiative damping [59,29], leading to the maximal value of
TTMn  = 1.
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The resonance trace for a small particle of kma1 = 0:1 is given in Fig. 4.6(a).
It exactly resembles the shape and location of the curve of n = 1, or equivalently
of a trace of "e(n = 1)="m =  2 in Fig. 4.5. As the electrical size of the particle
increases from 0:1 to 0:8 in Fig. 4.6(a){4.6(d), the ratio bandwidth of the resonance
trace increases and the position of the trace shifts towards higher radial ratio. The
general shape of the resonance trace remains unchanged as the size increases up to
kma1 = 0:5. It can be inferred that the resonance trace predicted by the equiva-
lent permittivity has considerable size tolerance in agreement with the speculation
in [29].
As the electrical size of the particle increases to kma1 = 0:3 in Fig. 4.6(b),
the ratio bandwidth of the resonance trace slightly widens and the position of the
trace slightly shifts towards higher radial ratio. Despite the changes in width and
position, at kma1 = 0:3, the shape of the resonance trace can still be reasonably
predicted by the trace of "e(n = 1)="m =  2. Furthermore, the narrow ratio
bandwidth of the trace suggests the preservation of the plasmonic nature of the
resonance.
As kma1 equals 0:5 in Fig. 4.6(c), at the lower end of the "r;1"m scale, two
resonance peaks, one with narrow ratio bandwidth and the other much broader,
are observed at dierent radial ratios with the same shell anisotropy.
When the particle size increases further to kma1 = 0:8 in Fig. 4.6(d), the
ratio bandwith of the resonance trace signicantly widens and its position further
shifts to the end of the a2=a1 scale. In particular, at the lower end of the "r;1="m
scale, two resonance peaks are observed at two dierent radial ratios with the
Chapter 4. Plasmon-resonant spherical particles with radial anisotropy 77
same constitutive parameters; one with narrow ratio bandwidth and the other
much broader. The former resonance peak can be attributed to dipolar plasmonic
resonance since the small size of the core, as a consequence of the low radial ratio,
facilitates the excitation of plasmons at the core-shell interface. On the other
hand, the latter one observed at a higher radial ratio can be attributed to Mie
resonance [45]. In Fig. 4.6(d), the resonance trace greatly deviates from the trace
of "e(n = 1)="m =  2. This is because when the size of the particle is not
small, the particle can no longer be treated as a point dipole. In this case, the
breakdown of the concept of eective permittivity is inevitable. It is noted that the
concept of eective permittivity, valid for electrically small particles, only serves as
a qualitative indicator for the excitation of plasmons, but has no implication of the
physical location of the plasmons. In fact, surface plasmons are always supported
at the respective dielectric-metal interfaces.
Fig. 4.7 demonstrates the second-order TM scattering coecients at dierent
sizes. Similar to the rst-order case, it can be observed that the ratio bandwidth
increases with increasing size. The ratio bandwidth of the trace is narrower than
the rst-order case of the same size. Fig. 4.7(a) agrees well with the trace of
"e(n = 2) =  1:5 in Fig. 4.5.
When dissipative loss is considered, the position of the resonance trace remains
the same except that the magnitude is attenuated as shown in Fig. 4.8. This
agrees with the observation in [30] for the case of coated isotropic spheres. When
the dissipation increases beyond certain threshold, resonant scattering turns into
Rayleigh scattering as investigated in [29].
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As observed in Fig. 4.6, the resonance trace remains qualitatively unchanged
up to kma1 = 0:5. Therefore, we examine resonance traces at kma1 = 0:5 for
other possible congurations. As shown in Fig. 4.9, the plots correspond to the
rst and second-order scattering coecients for a resonant point selected from
the permissible region next to the origin in the 2nd quadrant in the contour plot
Fig. 4.2. It can be observed, for the same particle, the ratio bandwidth of resonance
trace becomes narrower as the order of resonance increases. Figures 4.10 and 4.11
corresponds to similar plots in the 4th quadrant of the contour plot. The resonance
traces for the same particle size kma1 = 0:3 in the four permissible regions in
Figs. 4.6(c), 4.9(a), 4.10(a), and 4.11(a) are distinctively dierent. Qualitatively
speaking, it can be inferred that the eect of anisotropy does not remain constant
as the conguration of the metallic layer vary. Nevertheless, it is the equivalent
permittivity computed from structural and material parameters, that determines
the shape of the trace for electrically small particles.
4.4 Conclusions
In this chapter, based on extended Mie theory, plasmonic resonance condition is
derived in the small-radii and low-dissipation limit for coated spheres with radial
anisotropy. Furthermore, an expression of equivalent permittivity is established.
Numerical analysis has been performed to quantitatively analyze the eects of di-
electric anisotropy on permissible ranges of constitutive parameters. Furthermore,
resonance trace has been examined in the structure-material space for dierent
Chapter 4. Plasmon-resonant spherical particles with radial anisotropy 79
congurations. It is observed that the derived resonance condition can be used to
predict the position and shape of the rst-order resonance trace up to kma1 = 0:5.
As the size of the particle increases, Mie resonance takes over surface plasmonic
resonance. In addition, it is found that higher-order resonance is not restricted to
electrically small scatterers. Thus, there is a potential for making designs more
economic, since miniaturization poses considerable technological challenges.
Leading to scattering maximization, the derived resonance condition is par-
ticularly useful for the time-ecient design of sensors. Further ne-tuning and
in-depth analysis may follow from the prototypical design. For instance, radially
aligned antibodies, that can bind with specic tumor cells, might be approximated
as a radially anisotropic shell. With a metallic core, the composite particle with
carefully engineered radial ratio can act as a highly sensitive sensor in the early
detection of cancer.
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Figure 4.3: Proportion of permissible area in the 4th quadrant of contour map
against "t;2="r;2 with "t;1="r;1 = 1, "m = 1:7689"0 and (a) j"t;2;maxj = j"1;maxj = 15"0;
(b) j"t;2;maxj = j"1;maxj = 100"0.
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Figure 4.4: Proportion of permissible area in the 2nd quadrant of contour map
against "t;1="r;1 with "t;2="r;2 = 1, "m = 1:7689"0 and (a) j"t;1;maxj = j"2;maxj = 15"0;
(b) j"t;1;maxj = j"2;maxj = 100"0.
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Figure 4.5: Radial ratios at resonance over a range of normalized shell radial
permittivities, at xed core permittivity of "2 =  5"m, for n = 1; 2; 3, and 4,
respectively.
































Figure 4.6: Density distribution of the magnitude of the rst-order scattering
coecient in the ("r;1="m, a2=a1) space for a coated sphere at resonance with core
permittivity "2 =  5"m for dierent sizes (a) kma1 = 0:1; (b) kma1 = 0:3; (c)
kma1 = 0:5; (d) kma1 = 0:8.


































Figure 4.7: Density distribution of the magnitude of the second-order scattering
coecient in the ("r;1="m, a2=a1) space for a coated sphere at resonance with core
permittivity "2 =  5"m for dierent sizes (a) kma1 = 0:5; (b) kma1 = 0:8; (c)
kma1 = 1:0; (d) kma1 = 1:2.




































Figure 4.8: Density distribution of the magnitude of the rst-order scattering
coecient in the ("r;1="m, a2=a1) space for a coated sphere at resonance with
electrical size kma1 = 0:5 for dierent losses in the core (a) "2 = ( 5 + 0:001)"m;
(b) "2 = ( 5 + 0:01)"m; (c) "2 = ( 5 + 0:1)"m; (d) "2 = ( 5 + 0:3)"m.
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Figure 4.9: Density distribution of the magnitude of (a) the rst-order scattering
coecient; (b) the second-order scattering coecient in the ("r;1="m, a2=a1) space
for a coated sphere at resonance with xed core permittivity "2 =  1:4"m and
electrical size kma1 = 0:5.
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Figure 4.10: Same as Fig. 4.9 except in the ("r;2="m, a2=a1) space and with xed
shell permittivity "1 =  7"m.
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Figure 4.11: Same as Fig. 4.9 except in the ("r;2="m, a2=a1) space and with xed




This thesis focuses on the analysis of scattering by spherical particles with radial
anisotropy. Two cases are considered: transparency and resonance. All analysis is
based on Mie theory with pertinent assumptions.
1. Fields and coecients in all regions in terms of pertinent Debye potentials
are formulated for a generalized N -layer radially uniaxial anisotropic sphere
incident with a plane electromagnetic wave incident on its outer surface. Re-
sults provide the theoretical foundation for analytical and numerical studies
later on.
2. For a single-layer sphere with radial anisotropy:
(a) The transparency condition is derived with the employment of dipolar
cancellation technique in the small-radii and low-loss limit.
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(b) Furthermore, with the application of the small argument approximation
to Riccati-Bessel functions, closed-form expression for the scattering co-
ecient is obtained. It is inferred that the radial and tangential com-
ponents of permittivity are coupled in their contribution to scattering,
which gives physical insight into earlier studies on anisotropic ratios of
spheres with radial anisotropy. Therefore, besides the actual value of
the radial or tangential component of permittivity, the anisotropic ratio
is also an important parameter in determining the scattering properties.
(c) Moreover, an expression of the equivalent permittivity of a sphere with
radial anisotropy is derived by making comparisons with results of an
isotropic sphere. It is shown that transparency is achieved when the
particle is a \neutral inclusion", i.e., the equivalent permittivity of the
particle equals the surrounding medium.
(d) Far eld analysis demonstrates that the transparency condition is valid
for electrically small spheres but requires slight adjustment of the value
of the tangential (radial) component of permittivity for larger ones due
to the necessity to utilize exact expressions of the Riccati-Bessel func-
tions instead of the small-argument approximation. Furthermore, the
increase in size leads to the emergence of higher-order scattering modes
and causes the elevation in value of the minimal scattering.
(e) Near eld analysis reveals that by reducing either the radial or tan-
gential component of permittivity of an isotropic dielectric particle, the
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scattered elds can be signicantly reduced. In particular, when the size
of the particle is not very small, the design with reduced tangential per-
mittivity shows superior performance over the one with reduced radial
component of permittivity and even the earlier design of an isotropic
sphere with a plasmonic or metamaterial cover.
3. For a coated sphere with radial anisotropy:
(a) The nth-order plasmonic resonance condition is derived in the small-
radii and low-loss limit. An expression for the equivalent permittivity of
a coated sphere with radial anisotropy is derived by making comparisons
with results of the isotropic sphere.
(b) The permissible ranges of tangential (radial) permittivity to support
resonance are presented in a contour map for any given modal number
and anisotropic ratios in the core and shell layers. Since resonance is
not supported by random combination of parameters, it will be very
time-ecient to have such a design available.
(c) Quantitative analysis based on the contour map reveals that when the
choice of permittivity is limited and the shell is metallic, an optimal
anisotropic ratio exists for maximizing the permissible ranges of mate-
rial parameters. On the other hand, when the choice of permittivity is
relaxed, it is desirable to have a large tangential component in compari-
son with the radial component of permittivity in order to maximize the
possible number of combinations of material parameters to support res-
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onance. A reverse trend is observed for the conguration with a metallic
core.
(d) Using numerically analysis, the equivalent permittivity is validated by
the resonance trace which is computed via full-wave Mie theory and
plotted in the structure-material space. It can be inferred that plas-
monic resonance is determined by the equivalent permittivity of the
particle relative to the permittivity of the surrounding medium, which
is the combined eect of radial ratio, tangential or radial components of
permittivity and anisotropic ratios in both core and shell layers. How-
ever, as the size of the particle increases, adjustments in radial ratios
are necessary in order to sustain plasmonic resonance. This observation
is consistent with the breakdown of the concept of equivalent permit-
tivity as particle size increases. It is important to note that a further
increase in size will cause a qualitative change in resonance from surface
localized plasmonic resonance to Mie resonance.
(e) For dierent resonant congurations, the eects of the anisotropic ratios
on resonance traces vary. However, the underlying mechanism can still
be attributed to the equivalent permittivity of the specic conguration
that supports plasmonic resonance.
Both transparency and resonance conditions are derived based on small-radii
and low-dissipation assumptions. Under the small-radii assumption, the key math-
ematical trick is to apply small-argument approximations to Riccati-Bessel func-
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tions. Subsequently, the closed-form expressions of the scattering coecients can
be obtained for further derivation of transparency and resonance conditions. It
should be noted that for electrically small particles, to achieve transparency, we
only need to consider the cancellation of the dipolar term. On the other hand, to
achieve plasmonic resonance, we can excite any mode with an appropriate com-
bination of the structural and material parameters. With regard to the practical
aspect, miniaturization poses considerable technological challenges. Our studies
on the size tolerance of the derived conditions serve as a guide for the upper limit
of the size of devices while maintaining quality performance.
The presence of dissipation inuences the scattering quantitatively by raising
the minimal value of scattering by transparent spheres and lowering the resonance
peaks of the resonant particles. In this thesis, low-loss condition is assumed.
For future research we recommend the following:
1. It is important to note that plasmonic resonance is prone to dissipation which
is inherent in complex media. How to preserve plasmonic resonance in struc-
tures containing complex media should be a subject for future exploration.
2. In this thesis, an incident monochromatic plane wave is assumed in our anal-
ysis for simplicity, since the frequency dispersion is common in complex me-
dia. The designs presented cater to specic electrical size, in other words,
operate at a single frequency. This is desirable for the plasmonic resonance
case, since the sensitivity to frequency can be utilized for sensing purposes.
On the other hand, this is a limitation for the transparency case where a
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broad bandwidth is desired. Future research should be devoted to widen the
transparency bandwidth.
3. Having studied scattering properties of single spherical particles, we can in-
corporate them into a host medium to form bulk composite medium via the
homogenization process for achieving distinct properties.
To sum up, this thesis contributes to the understanding of the scattering prop-
erties of radially uniaxial anisotropic materials and of scattering minimization and
enhancement problems. As such, future designs can better utilize the extra degree
of freedom oered by radial anisotropy for the construction of optical devices and
sensors.
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Radar cross section (RCS) is dened as the area intercepting that amount of power
which, when scattered isotropically, produces at the receiver a density which is
equal to that scattered by the actual target [60] (also see [61,62]). It is a ctitious
area property of the target, characterizing the spatial distribution of scattered







jEsj2 = jEsr j2 + jEs j2 +
Es2 (A.2)
and r is the distance between the observer and scatterer.
A.1 Scattered electric elds
Substituting expansions of Debye potentials of scattered elds Eqs. (2.34a){(2.34b)
into eld expressions Eqs. (2.36){(2.38), three spherical components of scattered
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n (kmr) n ()
i
:(A.5)
where as dened by Kong [63]














which diers from [62] by the   sign. It should be noted that an = in+1 2n+1n(n+1) .
T TMn and T
TE
n are scattering coecients determined by structural and material
parameters, as well as the order number.
With reference to [62,63], at cos  = 1, we have




 n ( 1) = n ( 1) = ( 1)n n (n+ 1)
2
: (A.7b)
A.2 Far eld approximations
When the observation point is in the far eld of at least 2D
2
where D is the largest
dimension of the object [60], we can apply asymptotic expansions to the Riccati-
Bessel functions in Eq. (B.12) to simplify eld expressions Eqs. (A.3){(A.5) to
lim
r!1
Esr = 0; (A.8a)
lim
r!1































































S1 () sin: (A.10b)
Substituting spherical electric components Eqs. (A.8a), (A.10a) and (A.10b)




 ieikmrkmr S2 () cos






jS2 ()j2 cos2 + jS1 ()j2 sin2  : (A.11)
Bistatic scattering
Substituting Eq. (A.11) into Eq. (A.1), the bistatic scattering cross section (SCS)
is given by







jS2 ()j2 cos2 + jS1 ()j2 sin2  : (A.12)
In the H-plane where  = 
2










jS1 ()j2 : (A.13)
The angular eciency / gain [64] is derived after normalization of SCS with respect














jS1 ()j2 : (A.15)
Similarly, in the E-plane where  = 0 and  varies between 0 and , we can simply
replace jS1 ()j2 by jS2 ()j2 in Eqs. (A.13{A.15).
Backscattering
For backscattering,  =  and  can be any value. By substituting Eq. (A.7b) into
Eqs. (A.9a) and (A.9b), we have






T TMn   T TEn









T TMn   T TEn

: (A.16)
Eq. (A.11) can be reduced to
lim
r!1
jEs( = )j2 = 1
(kmr)
2 jS2 ()j2 cos2 +
1
(kmr)




2 j S1 ()j2 cos2 +
1
(kmr)




2 jS1 ()j2 : (A.17)


















































jS1 ()j2 : (A.20)








Total scattering cross section
The total scattering cross section T is dened as the ratio of the time average
total scattered power to the time averaged incident Poynting vector, and is related








 (; ) sin dd; (A.22)







hT TMn 2 + T TEn 2i: (A.23)










hT TMn 2 + T TEn 2i: (A.24)









T TMn 2 + T TEn 2: (A.25)
Extinction cross section
When the material of the scatterer is lossy, some incident power is absorbed within
the particle in the form of heat. In this case, the total loss from the incident beam,















abs = ext   sca: (A.27)
Appendix B
Bessel Functions
B.1 Cylindrical Bessel functions









z2   v2w = 0: (B.1)
Solutions are cylindrical Bessel functions of the rst kind Jv (z), of the second kind





v (z) (also called Hankel functions).
Jv (z) (Re(v)  0) is bounded as z tends to 0 in any bounded range of the




v (z) are linearly independent
for all values of v. The relations between the two pairs of solutions are given by
H(1)v (z) = Jv (z) + iYv (z) ; (B.2a)
H(2)v (z) = Jv (z)  iYv (z) : (B.2b)
Recurrent relations, where B represents any function of J , Y , H(1), H(2), or
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[Bv 1 (z) Bv+1 (z)] = Bv 1 (z)  v
z





where the second denition is used in the computer programs in this thesis. Fur-
thermore, the Wronskians between J and Y are dened as
W fJ; Y g = JY 0   J 0Y: (B.4)
According to Abramowitz [49], Eq. (B.4) can equivalently be expressed as




The Bessel function for small arguments applies when v is xed and z ! 0, i.e.







  (v + 1)
; (v 6=  1; 2; 3:::); (B.6a)







; Re(v) > 0: (B.6b)
Asymptotic expansions of the Hankel function of order v for large values of jzj are
given by Watson [65].
B.2 Spherical Bessel functions







z2   n (n+ 1)w = 0; (n = 0;1;2; :::) : (B.7)
















and the spherical Bessel functions of the third kind






















n (z) are linearly independent for all values
of n.










With reference to Abramowitz [49], the dierential equation is given by
z2w00 +

z2   n (n+ 1)w = 0; (n = 0;1;2; :::) : (B.10)
Particular solutions are (also applicable solutions with real order according to
Gao. [24])




































All properties of these functions follow directly from those of Spherical Bessel
functions. Asymptotic expansions of Riccati-Hankel function and their derivatives
are given by
H^(1)n  ( i)n+1 eiz; (B.12a)
H^(1)
0
n  ( i)n eiz; (B.12b)
H^(1)
00
n   H^(1)n : (B.12c)
Similarly,
H^(2)n  in+1e iz; (B.13a)
H^(2)
0
n  ine iz; (B.13b)
H^(2)
00
n   H^(2)n : (B.13c)






B^v (z)  B^v+1 (z) =  v
z
B^v (z) + B^v 1 (z) ; (B.14)




n . Furthermore, the Wronskians
for Riccati-Bessel functions can be derived, with reference to Eq. (B.5) and the











By making use of recurrence relation, the second order derivative of Bessel function
















































B^v (z)  B^v (z)
=





B^v (z) : (B.16)
As such, we have








B^v (z) ; (B.17)
which can be used for the simplication of eld expressions in Appendix A.
Appendix C
Legendre Functions












w = 0: (C.1)










l (z) = ( 1)m
 
1  z2 12m dmPl (z)
dzm
; (C.2b)
where 0  m < l and Rodrigue's formula states Pl(z) = 1
2nl!
dl (z2   1)l
dzl
.
In some books such as Rade [37], Born [34], Bohren [66], the Legendre function
is dened in the form of Eq. (C.2b) with the omission of ( 1)m term. However in
this research, we follow the convention in Kong [63] and Abramowitz [49] which
contains the ( 1)m term as Eq. (C.2b).
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Recurrence relations as dened in Abramowitz [49] are given by
 




l (z)  (m+ l)P (m)l 1 (z) ; (C.3a)
(l  m+ 1)P (m)l+1 (z) = (2l + 1) zP (m)l (z)  (l +m)P (m)l 1 (z) : (C.3b)
The rst-order derivative of Legendre function is related to associated Legendre
function with order 1 as
P
0















l (cos ): (C.4)
